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Abstract

In millimeter wave (mmWave) massive multiple-input multiple-output (MIMO) systems, because of the high hardware
cost and high power consumption, the traditional fully digital beamforming (DBF) cannot be implemented easily.
Meanwhile, analog beamforming which is implemented with phase shifters has high availability but suffers poor
performance. Considering the advantages of above two, a potential solution is to design an appropriate hybrid analog and
digital beamforming structure, where the available iterative optimization algorithm can get performance close to fully
digital processing, but solving this sparse optimization problem faces with a high computational complexity. The key
challenge of seeking out hybrid beamforming (HBF) matrices lies in leveraging the trade-off between the spectral
efficiency performance and the computational complexity. In this paper, we propose an asymptotically unitary hybrid
precoding (AUHP) algorithm based on antenna array response (AAR) properties to solve the HBF optimization problem.
Firstly, we get the optimal orthogonal analog and digital beamforming matrices relying on the channel’s path gain in
absolute value by taking into account that the AAR matrices are asymptotically unitary. Then, an improved simultaneously
orthogonal matching pursuit (SOMP) algorithm based on recursion is adopted to refine the hybrid combining. Numerical
results demonstrate that our proposed AUHP algorithm enables a lower computational complexity with negligible spectral
efficiency performance degradation.

Keywords massive MIMO, mmWave communication, hybrid beamforming, asymptotically unitary, low complexity

1 Introduction significant propagation attenuation. Fortunately, the short

wavelength resulting from high frequency enables the

Recently, the increasingly demanding requirement of transmitters and receivers to configure massive MIMO

high data rate transmission has promoted the research of
new technology, which includes long-term evolution in
unlicensed band (LTE-U), massive MIMO, mmWave and
so on. Due to the research potential of the large unlicensed
bandwidth, especially mmWave band (e.g. 60 GHz),
mmWave wireless communication has drawn a great
attention. Moreover, it has been regarded as a key
technology in the fifth generation (5G) communication [1].
However, there is a biggest challenge of the mmWave
communication that the high carrier frequency suffer a
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systems [2]. It is worth noting that the massive MIMO
configurations are able to provide sufficient gains to
compensate the serious path-loss by using beamforming.
Unfortunately, for massive MIMO systems which are
equipped with hundreds
frequencies, the traditional fully DBF architecture is not
practical due to the power consumption of the radio
frequency (RF) chains and high hardware cost [3-4].
Meanwhile, analog beamforming which is implemented
with phase shifters has high availability but suffers poor
performance. Considering the advantages of above two, in

of antennas at mmWave

this paper we consider a digital and analog hybrid
beamforming architecture to reduce the high cost to ensure
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the feasibility of mmWave communications which can
reduce the number of RF chains by exploiting the limited
scattering of mmWave communications [5]. Moreover, the
HBEF can achieve efficiency performance close to DBF [6].

In order to improve the feasibility of the mmWave
communication, there have been designed different HBF
architectures and proposed some HBF solutions to gain the
digital and analog beamforming matrices in Refs. [7-10].
In Ref. [7], El Agach et al. proposed a suboptimal beam
steering method only by simply considering the channel
hardening phenomenon of massive MIMO systems, which
can implement the transmit angle alignment base on
channel state information (CSI) with low complexity.
However, this strategy will suffers serious performance
loss especially when the beam steering alone cannot
capture the CSI at mmWave frequencies. In Ref. [9], this
HBF design has been formulated into a sparse signal
reconstruction issue which is widely used in image
processing and then given a SOMP algorithm in detail.
Although this iterative optimization algorithm can get
performance close to fully digital processing, solving this
sparse optimization problem faces with a high
computational complexity. For the purpose to overcome
the high computational complexity limitation, Rusu et al.
in Ref. [9] propose a low complexity by exploiting the
nature of semi-unitary, but this method needs to design an
over complete matrix which is complex itself. Then, a
modified SOMP algorithm is proposed in Ref. [10], which
enable efficient parallel computation without sacrificing
the spectral performance compared with the SOMP
algorithm [7].

With the purpose of leveraging the trade-off between the
spectral efficiency performance and the computational
complexity, in this paper, we propose an AUHP algorithm
to solve the HBF optimization problem. Firstly, taking into
account that the AAR matrices are asymptotically unitary,
we can get the optimal orthogonal analog and digital
beamforming matrices relying on the channel’s path gain
in absolute value. Then, an improved SOMP algorithm
based on recursion is adopted to refine the hybrid
combining. This solution can achieve a great reduction of
computational complexity with a negligible performance
degradation. Moreover, numerical results show that the
AUHP algorithm enables a negligible spectral efficiency
performance degradation respect to the SOMP method in
Ref. [8]. The main contributions of our work are as
follows:

After exploiting the asymptotically unitary properties of
AAR, an original algorithm is proposed to decrease the
computational complexity compared to the SOMP by
avoiding multi-iterations.

In order to further reduce the complexity, we adopt the
sampling matching pursuit (CoSaMP)
algorithm, which identifies multiple atoms using a

compressive

matched filter and combines it with the support-set AAR
estimated in the previous iteration and which is superior to
SOMP.

Building on the above, the simulation results show that
the AUHP algorithm enables hybrid analog and digital
beamforming structures to leverage the trade-off between
the spectral efficiency performance and the computational
complexity.

The rest of this paper is organized as follows: Sect. 2
describes the hybrid mmWave MIMO system model.
Sect. 3 presents the hybrid analog and digital beamforming
construction, and exhibits the AUHP algorithm in detail
and gives the complexity analysis. Sect. 4 presents the
simulation results and we conclude in Sect. 5.

Notations: we make the following notation throughout

this paper: A is a matrix. a is a vector. a is a scalar. (-)T
and (+)

respectively. A" is the ith column of A.

denote transpose and conjugate transpose

o I8 the

Frobenius norm; tr(+) is the trace. r(A4) is the rank of
matrix 4. [A|B] denotes horizontal concatenation. I,
is the NxN identity matrix; CA (a,A) is a complex

Gaussian vector with mean a and covariance matrix A.
E[+] denoted expectation.

2 Hybrid mmWave MIMO System model
2.1  System model

In this section, we present the hybrid mmWave
communication system and give the mmWave channel
model.

Firstly, a single user mmWave downlink system shown
in Fig. 1 is considered. The base station (BS) equipped
with N, antennas transmits N, data streams to the
target mobile station (MS) equipped with N, receive
antennas. It is noting that the uplink is similar to this
downlink, so we omit the uplink transmission progress for
brevity. In this HBF architecture, the BS is equipped with
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N transmit chains assuming that N,<N"<N,, and
the MS is equipped with N receive chains assuming
that N, <N<N,,

steams mmWave communication. Thus, the BS apply a

which ensure the multiple data

BS
a2
K g
5 R & &

s 3] - .

— | = :/V‘Rl- H :
E Fy
2 R & &
<
& Jo/

R H oy o

N X Ng which has no
constaint, followed by a N, XN RF precoder F,,

which elements need satisfy (Fé? FY )” =1/N, .

baseband precoder Fj,

MS
i N3

Baseband combiner W,

Fig.1 Hardware block diagram of a mmWave single user system with HBF

In the BS, the discrete time transmitted data is presented
as x=F,. F,;s where s is the data streams with that

E[ss*J=(1/NS)INS, and the total power constraint is

||FRFFBB||§ = Ns.

At the target MS, the received signal before detection is
r=pHFFys+n (1)
where r is the N, X1 receive vector, p denotes the

average transmit power, H is the N XN, channel matrix

that satisfies E["H"ﬂ:NtNr, and n is the N, xI

noise follows iid CA(0,07) distribution. After the RF
detection W, and the baseband detection W,,, we can
get the original transmitted data streams denoted by y
form the antenna received signal r. The received data
steams can be written as

y= \/;WI;BWI:FHFRFFBBs-'-W;BW]:Fn (2)
where W, is the N XN matrix with unit amplitude

limitation which elements need satisfy (WéQWéQ* )u =

/N, similar to the RF precoder, and W, is the
N x N baseband combining matrix without limitation.

In this mmWave communication system, the achieved
spectral efficiency can be calculated by

p — * *
INS +VRnIWBBWRFHFRFFBB :
s

FBBFRFH WRFWBB|) (3)
where R, = 0 W W W Wy, is the noise covariance

matrix after detection.

2.2 MmWave channel model

Refer to the mmWave communication channel model
[11], we adopt the narrowband block fading channel model.
In order to further simplify the model reasonably, we
consider an uniform linear array (ULA) with L propagation
paths and d inter antenna distance [12]. For the /th,
l=1,2,...,L path, the AAR is denoted by

T
2 . . 2 .
_ 1 |:1’ ejjndsm@ eJ(Nﬁl)Tndsm@ :|

Ayia, (¢l ) \/V

where A is wavelength, @ represents the angles of

arrival (AoA) at the BS or the angles of departure (AoD) at
the MS in the azimuth plane implemented horizontal (2D)
beamforming only, which can extensions to three-
demensional (3D) beamforming architecture. With L

scatter paths, the N XN, mmWave downlink channel

(4)

PRRY)

model H can be expressed as
NN, & N
H === 0, ()a(4) ©)
=1
where @, ~CN(0,1) is the complex random gain of the

Ith path, ar((z),r) and a, ((/),‘) denote the AAR vectors
at the MS and the BS, respectively.

3 AUHP algorithm

In this section, the design problem of HBF is given first
and how many RF chains are needed to achieve the
optimum performance is discussed. Then, in order to
reduce the computational cost of the SOMP method, we
propose the AUHP algorithm with low complexity by
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exploiting that the AAR has asymptotically unitary
properties. Moreover, the computational complexity
analysis of three algorithms, including beam steering
method, is presented in detail.

3.1 Design problem of HBF

There are four matrices should be solved during the
coherence time of data stream transmission to achieve
mmWave communication. In this paper, we design the
hybrid precoding and combing matrices by maximizing the
achievable spectral efficiency in Eq. (3) with low
computational complexity.

Therefore, the optimal hybrid analog and digital
beamforming are obtained by the following optimization
problem,
arg max R

Fyp , Fgg Wi Wap sum
S.t.

T Fop FosWosWos ) <P (6)

|Foe (i) =1 Vi)

Wee (0.§) =1 Vi)

However, maximizing the spectral efficiency involves a
joint optimization of four matrices variables (Fy;,

Foy, Wi, Wys ) with non-convex constrains for Fy, and

Wy As a result, finding the global optimal solution is

complex, which will damage the realizability. In this paper,
we come up with an algorithm to solve the optimization
problems Eq. (6) achieving high complexity reduction.
Before proposing the HBF solution, an interesting
question, that is, how many RF chains are needed to
achieve the optimum performance, should be discussed.
In order to get a full-rank hybrid precoding
matrix, it is necessary that N*" > N .

Proof Note that 7(FyFy,)<N;",

arank Ny, N=N, isneeded.

Lemma 2 For Ng >1, the optimal precoder can be

Lemma 1

so as to implement

realized using the structure N[ =2N.
Proof This is presented in Ref. [13].

3.2 The proposed AUHP algorithm

To simplify the transceiver design, we can temporarily
decouple the problem. Firstly, we design the analog
precoder matrix Fy. and the baseband digital precoder

matrix [, jointly. Then we obtain the analog combiner
Wy and the digital combiner Wy;.

Given that the CSI matrix H is known and can be
expressed in its singular value decomposition (SVD) form
as H=UXV’', where U and V , the left and right
singular vectors of H, are N xr(H) and N xr(H)
unitary matrices, and X is the r(H)xr(H) diagonal
matrix of singular values arranged in decreasing order.

For the case of Ny data streams, the optimal fully
digital precoder and combiner can be simply gained, i.c.,
F, =V(.1:Ng) and W, =U(:1:Ng). Unfortunately,
the analog progressing is subject to many constraints.
Therefore, the hybrid precoder (combiner) F,.Fy,

(WeeWys) can be just made sufficiently ‘close to’ the
optimal result F, (Wopt )

Assuming a perfect maximum likelihood (ML) receiver,
the approach in Ref. [8] is first to focus on the hybrid
precoders, i.e., F,, and Fg;. The optimal HBF problem

is converted into solving the following optimization

problem
argmax Ib|l +—L— HF, F,,Fy FoH'
S¥n
s.t. (7)
FRF € FRF
2
"FRFFBB "F =N.

the

problem Eq. (7) cannot have a traditional solution. In

Since amplitude constrains are imposed on Fp., t

Ref. [8], some reasonable approximations and assumptions
are given and proposed. The set of feasible RF
implementable precoders with phase shifters 7/, to the

set of array response 4, =[at (¢1’),at (¢2‘),...,at(¢L‘)J,

with L is the angular resolution. Detailed theoretical
derivation shows that the near optimal HBF matrices can
be solve by minimizing the Frobenius norm with respect to
the fully digital unconstrained result, which can be
formulated as

arg min —AFg, "

FRT BB

s.t.
Hdlag FyFyy )” =N

opt

®)

”AtFBB"p =N,

This near optimal problem can be solved with the
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SOMP algorithm which general used in sparse signal
recovery [14]. An equivalent problem applies to solve the
combiner matrices. The simulation results and theoretical
analysis indicate that the proposed algorithm can
accurately approximate optimal fully digital unconstrained
beamforming even when the transceiver hardware
constrains are considered. However, solving the sparse
optimization problem using SOMP still results in high
complexity due to the iterative selection process and the
process of solving the pseudo-inverse matrix in each
iteration, which makes the SOMP is not suitable for the
realization of mmWave communication.

To overcome the limitation of high complexity, using
the following Lemma 3, we propose the AUHP algorithm
with low complexity to solving the optimization problem
by exploiting that the AAR A4, has asymptotically unitary
properties.

Lemma 3 For an ULA system with azimuth AoA
drawn independently from a continuous distribution, the
massive MIMO systems equip BS antenna arrays with an
order of magnitude more elements, i.e., a hundred antennas
or more. Therefore, the BS AAR vectors al(gb[‘) are

asymptotically orthogonal, i.e., a, (¢,§ ) La (g ),k #1 as
the number of the BS antennas N, tends to infinity and
the number of paths is L =0(N) in the channel.

Proof This is presented in the Appendix A.

Since F,, is a column unitary matrix, i.e., F,, has

orthonormal columns but is not square. Therefore, its
‘close to” matrix need to obey the approximate equation
(FoeFop) FosFop =1, and thus Fy'Fo, and F'Fy,

need to be closely approximate unitary matrices, i.e.,
Fy Fy ~1 . and F,,'F,, ~I,. By the above

argument, we have known that Fy, =[at ((bl'),at (¢21),...,

at(gb;vlRF )], this assumes |a,.|2|aj|, Vi< j , which

indicates the RF precoder columns can be resolved in an
iteration.

Next, we consider the design of the base band digital
precoder assuming that the RF precoder has been known.
Therefore, H = HF,. can be seen as an effective CSI.
Then, we can find the closed-form solution for the optimal
digital precoder F,, by maximizing the spectral

efficiency as follows:

argmax Ib(l, + LZHCEFBBF];BH;T
FBB ‘ 0

n

)

S.t.
tr(FI:FFRFFBBF;B)gp
If we denote H,=H, (FyFy )1/2 , the problem
Eq. (7)
* 1/2
Fyy :(FRFFRF) .

eigenvectors corresponding to the Ny largest eigenvalues

should have an evident solution, i.e.,

UZX , where U, is the set of

of HH,, and X, is the diagonal matrix of powers

allocated by water-filling.
Algorithm 1 The proposed AUHP algorithm

Require: H = A diag(z) A,

Output: the HBF matrix F,, and F,,.
1: [vec,pos]=sort(abs( z ), ‘descend’)
2: Fu=4, (:,pos(l CNY ))

3: H,=HF,

2

4: H,=H,(FyF,)

W

R 12
Fyy :(FRFFRF) Uz,
6: Return F,, and F,,

By avoiding N[ iterations using asymptotically
orthogonal AAR matrix A, , the AUHP method enables to

decrease the computational complexity compared to the
SOMP.

Due to some limitations such as size of the mobile
terminals, the number of receive antennas N, does not
meet the condition so that the matrix A4, cannot be

approximate to unitary matrix. Therefore, using the
proposed AUHP method in MS can seriously hinder
overall system performance. In order to avoid this serious
adopt an improved iterative hybrid
beamforming algorithm in MS. The sparse signal

impact, we

reconstruction algorithm via SOMP allows the HBF
systems to approach their unconstrained theoretical limits

on spectral efficiency.
2

1
arg min 2 _
g Wre Fp Ryy (WMMSE WRF WBB ) 5

st (10)

WG, i), Vie{a (g7), 1SI<L}

where R, =(p/Ng)HF Fy, Fyy Fie H + 0,1 v and

Wymse 18 the optimal minimum mean square error
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(MMSE) combiner.
Considering that the SOMP method needs N

iterations and needs to compute the pseudo-inverse matrix
at each iteration, which leads to high computational
complexity. In order to guarantee the real time mmWave
communication synchronization, we need to seek a low
complexity algorithm with fewer iteration times. Therefore,
we adopt the CoSaMP algorithm, which is on the basis of
the SOMP algorithm but superior to the SOMP method.
The improved CoSaMP
improvement ideas from the existing literature in the field
of image processing to accelerate the SOMP algorithm
[15]. Meanwhile, results provide strong guarantee on

scheme combines several

performance.

In each iteration, the CoSaMP algorithm choose
multiple alternative solutions using a matched filter per
time. Then the set of obtained results should be combined
with the support set A4, that is estimated in the previous
iteration to update the solution set until meet the end
condition. Using least-squares scheme in the process of
updating, this method can choose a new N (the
number of RF chains) dimensional subspace from A, by

reducing the beamforming error of the hybrid structure.
Empirically we observed that the matched filter will
weaken the performance of least-squares and hence
deteriorate the system performance of the CoSaMP when
the number of elements selected at a time is too large.
Experiments show that choosing a fixed number of
elements 2N is appropriate. In this section, the specific

CoSaMP algorithm steps are no longer described in detail.
3.3 Computational complexity analysis

In this section, we next want to analyze and compare the

computational complexities for the three involved
algorithms, namely the proposed AUHP algorithm, the
SOMP algorithm in Ref. [8], and the beam steering
algorithm in Ref. [7]. Considering that all three methods
above need to compute the SVD of the CSI H to obtain
the optimum fully digital reference unconstrained precoder

F,, and combiner W, . So we compare their

computational complexity after we have done the SVD.
Moreover, the distinction in computational complexity

between the above three mainly displays in how to obtain

the analog precoder F,. and the baseband digital

precoder F,,. The complexity of the proposed AUHP

B*

scheme to obtain F,, = A4, (:,pos(l : NtRF)) is O(N,N),

and the complexity to obtain the baseband digital precoder
F,, by water-filling strategy is O(NN{"). Therefore,

the overall complexity of the AUHP method in transmitter
is O(N;N"). In Table 1, we lists their computational

complexities of these three algorithms in detail. Then we
could see that the beam steering algorithm in Ref. [7] has
the lower computational complexity but suffer a poor
performance especially the number of transceiver antennas
is small. The SOMP method allows the HBF system to
approach their optimal fully digital unconstrained
performance on spectral efficiency, while its computational
complexity is the highest. It is worth noting that our
proposed AUHP algorithm reduces the computational
complexity of the SOMP method and enables highly

spectral efficiency simultaneously.

Table 1 Computational complexity

Algorithm Computational complexity
Transmiter: beam steering O(NNY)
Receiver: beam steering O(NZN!)
Transmiter: SOMP O(NZNINg)
Receiver: MMSE O(N?NNy)
Transmiter: AUHP O(NNT)
Receiver: CoSaMP O(N, N 1bN,)

4 Performance analysis

In this section, some simulation results are presented to
show the performance of the proposed AUHP algorithm in
comparison with the existing two methods presented above
under mmWave communication channel model. In order to
describe the propagation environment mentioned in Sect. 2,
we establish a mmWave geometric channel model with
N, clusters and N, propagation paths per pair of

cl
transceiver antennas. Moreover, assuming that the total
transmission power constrained is same and the three
algorithms adopt equal power allocation scheme. Then,
n= p/ o denotes the signal to noise ratio (SNR) of the

received signal and the inter-antenna spacing is set to half
a wavelength.

Firstly, the spectral efficiencies achieved by the optimal
fully DBF and the HBF using beam steering method for
different N x N, with different SNR values are presented

in Fig. 2. This implies that the loss due to beam steering
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scheme increases as antenna array size decreases, which
guides the thought of our proposed AUHP method.

—A—Optimal precoding (256 X 128)
--A--Beam steering (256 X 128)
—eo—Optimal precoding (128 X 64)
--¥--Beam steering (128 X 64)
—¢—Optimal precoding (32 X16), 7
--B--Beam steering (32X 16) X~

—_
[ ]
1

—_
e (=)
T T

Spcctral efficicncy/(bit- (s+Hz)™)
N
T

-40 -35 -30 25 -20 -15 -10 -5 0

Fig. 2 Spectral efficiencies achieved by the unconstrained
SVD-based fully DBF

We next want to simulate and compare the spectral
efficiencies achieved by these four algorithms contains the
optimal unconstrained beamforming. Fig. 3 presents the
spectral efficiencies achieved by various beamforming
methods for N, XN, =64x16 mmWave communication
systems with linear antenna arrays at the transmitter and

receiver. The propagation channel model is a clusters
environment with N, =8, N, =10. Then assuming

that the HBF equipped with N[ = N* =4 RF chains.

=
1

—e—Optimal precoding
——SOMP method N=2
—2— AUHP algorithm
—¥—Beam steering

S B
T T

oo

'y

Spectral efficiency/(bit- (s-Hz)")
[}

]

94. -3 -25

SNR/dB
Fig. 3 Spectral efficiencies achieved by the four various

beamforming methods for N, x N, = 64x16 mmWave systems

Fig. 4 shows the spectral efficiencies achieved by
various beamforming schemes for N, XN, =128x

32 mmWave systems with linear antenna arrays at the
transmitter and receiver.

16~
—e—Optimal precoding
2l ——SOMP method
N ——AUHP algorithm N =2
;012 B —¥—Beam steering
EIO'
>
s
26
o
T4
8
A 2f
(gt =~ 1 I
-40 -35 -30 25 -20 -15 -10 -5 0

SNR/dB
Fig. 4  Spectral efficiencies achieved by four various
beamforming methods for N XN, =128x32 mmWave

systems

Figs. 3 and 4 can explain that the proposed AUHP
algorithm achieves spectral efficiencies which are
essentially equal to those achieved by the SOMP solution
in the case N =1 and within a small performance loss in
the case Ny =2. These show that our proposed AUHP

solution can accurately approximate the near-optimal (86%)
performance of the iterative approximation optimal
algorithm. Moreover, when compared to beam steering
scheme in Ref. [7], there is a non-negligible performance
improvement.

In order to analyze and explore spectral efficiencies in
mmWave communication systems with larger scale
antenna arrays, Fig. 5 shows the spectral efficiencies
achieved by the four various beamforming methods for
N, XN, =256x64 mmWave systems with N =N =

6 chains. Fig. 5 can illustrate that these three hybrid analog
and DBF algorithm can get similar spectral efficiencies in
both Ny =1 and N =2 cases when the transmitter and
receiver have large enough antenna scale.

——Optimal precoding

20r ——SOMP
18k —A—AUHP algorithm

—~ —¥—Beam steering

<16f

jus

o 14F 17r

- 16F

;\5/12— 15

< 14k

gior By . N2

2 sk -10-8 =64 2

= 10F

= o 9.5

£ 4l 9,0/

o 8.5

[=9

v 2L 8.0 N1
0 1 L 1 1 1 7765743
-40 -35 -30 -25 -20 -15 -10 -5 0

SNR/dB
Fig. 5 Spectral efficiency achieved by various beamforming
methods for N, XN, =256x 64 mmWave systems
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5 Conclusions

In this paper, we consider hybrid analog and DBF
architectures in mmWave communication systems and
adopt a realistic mmWave sparse channel model. In this
paper, in order to overcome the high hardware cost and
power consumption and enhance the feasibility of
mmWave communication, we propose an AUHP algorithm
by exploiting the AAR properties. Numerical results and
computational analysis can demonstrate that the AUHP
algorithm enables a lower computational complexity with
negligible spectral efficiency performance degradation,
namely the proposed AUHP method can leverage the
trade-off between the spectral efficiency performance and
the computational complexity.

Appendix A Proof of Lemma 3

The N, element ULASs take the form

t
1 R dsing!

at(¢,‘)=W Le # yeen©
t

We exploit the dot products, in absolute value, between
any two such distinct vectors a,(¢) and a, (@)

(1#k).
(a.(0).a,0))| =|a, @) a,(0))| =

. 2n .
(N *1)7[]51“ o

(A1)

2m . . . 2m . .
NL 1+ e_ljd(sm@‘ 75111@:) - e_|2(N| 71)7(sm¢/‘ 7sm¢f) _
t
2m o .
1 1 _ ejjd(sm@‘fsm@‘ )Nl B 1
V 'Ed(ginlﬁ;fsin#) - V|2Nl | (A2)
¢ l—eJ 70 s ée t

where 2, is the sum of preceding A,

. . .
. items. Since @,

and ¢ are chosen independently from a continuous

distribution, each term <at(¢,§),at(¢),‘)> is a geometric

. . jz—;d(sin gl -sing} )
sequences with ratio e except the first one.
And we have (sin & —sin¢,:) #0 with probability one,

2 .

) J—d(sm@‘fsm@:)
so the ratio e * <1. Thus, when N, tends to
infinity and the number of paths L=0(N) in the

channel, the 3, converges to 0. That is to say the array

response vectors are orthogonal, i.e., 4, (¢,§)J_at(¢;),

k#1.
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