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Abstract

This article investigates the significant performances of orthogonal frequency division multiplexing (OFDM)-based
dual-hop system in the presence of phase noise (PN). A scenario with Rayleigh fading statistics on both hops is assumed.
Amplification factor for this amplify-and-forward (AF) relay networks system is divided into two conditions, average
power scaling (APS) and instantaneous power scaling (IPS). Before deriving signal-to-noise ratios (SNR) under APS and
IPS, the Gaussianity of intercarrier interference (ICI) is proved firstly. The accurate closed-form expressions of end-to-end
SNR cumulative distribution functions (CDF) and probability density functions (PDF) for both cases are obtained later.
With the help of moment generating functions (MGF), we have closed-form asymptotic expressions of bit error rate (BER),
which show that the BER of system in the presence of PN cannot exceed a fixed level even when SNR in high regime.
Finally, simulations verify accuracy of the results. Conclusion analysis will provide a useful help in future application of

the system.
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1 Introduction

The demand on coverage area and capacity of wireless
communication network have always been increasing due
to fast developing
wireless-equipped devices into our daily life. This drives
the researches to put more effort to the representative
model, dual-hop relay system. The relay terminal has two
main relaying methods: AF and decode-and-forward (DF).

technology introducing fancy

In this study, we focus on AF relay systems due to the
relatively small processing delay caused by decoding at the
relay node compared with DF is shown in Ref. [1]. The
available literatures on AF relaying schemes assume two
different power constraints, APS and IPS. Depending on
the capability of relay to estimate channel, these
constraints scale the output power of the relayed signal in
two different ways [2]. Some literatures use the two power
constraints to analysis ideal condition. Other literatures
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study the system under situations which are not ideal,
considering the complex of analysis, they use neither of
power constraints situations but a coefficient to instead
power constraint for performance analysis [3]. Although
the conclusions can be applied for APS and IPS, the
accuracy is not high. Thus we divide power constraint
factors into the two specific situations under .

challenging problems in
communication is known as channel frequency selective
fading and ICI. An excellent way to overcome these

The most wireless

problems is using OFDM in multicarrier relaying system.
Since Ref. [4] combined OFDM-based system with AF
scheme, many literatures have discussed on performances
of the method. In Ref. [5], Kocan et al. analyzed BER
performance of dual-hop OFDM AF relay system with
fixed gain (FG) at relay, implementing ordered subcarrier
mapping (SCM) at relay. A scenario with Rayleigh fading
statistics on both hops is assumed. In Ref. [6], Shah et al.
presented the analysis of outage probability and derived
accurate closed-form outage probability expressions for
OFDM relay system while considering a fixed gain AF
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relay system. Outage probability is easily obtained from
PDF and CDF of SNR, considering space limitations we
do not derivate and analysis it. In Ref. [7], Soliman et al.
evaluated statistical performance for two-hop OFDM relay
link with AF and derived closed-form expressions for the
PDF of the SNR. The above references all assume in ideal
channel, which surely did not exist in reality, but the
research methods can be referenced in studying imperfect
systems.

For non-ideal case, in Ref. [8], Rajkumar et al. take
narrowband interference (NBI) into consideration, analyzed
average BER performance of the OFDM based full duplex
cognitive radio (CR) relay network. Other important
interferences like PN, will destroy the orthogonality among
subcarriers, introduce ICI. In practical environment we
observe that a small phase drift at input of the local
oscillator at each node can significantly limit the overall
system BER. Also, there are some papers studying the
influence of PN under other communication system models
which prove the same conclusion above, but there is little
investigation for OFDM AF system so far. Although in Refl.
[9], Rabiei et al. took PN into account in OFDM AF
relaying system, characterized the performance of the
system, still it has limitations such as the system does not
merge power constraints and its performance analysis only
involved outage probability.

According to the derived PDF and CDF of SNR, we
devise two methods to calculate BER. First is combing
BER representations under various modulation cases with
Gaussian function, which we have used to calculate BER
for APS but find it is difficult under IPS. Second is using
MGF. In Ref. [10], Kocan et al. analyzed BER
performance with MGF of differential phase shift keying
(DPSK) modulated dual-hop OFDM based relay systems
implementing ordered SCM at relay station. This reference
inspires us calculating BER with MGF for APS and IPS
conditions.

This paper investigates the pivotal performances SNR

_________________________

and BER of OFDM AF system in the presence of PN.
Firstly we prove that ICI is Gaussian random variable and
investigate SNR of this system. Then end-to-end SNR
CDF and PDF with APS and IPS of OFDM AF system
with PN in Rayleigh fading channel are analyzed
respectively. BER expressions are derived later by using
MGF, which show that BER of the system cannot exceed a
fixed level even when SNR in high regime. The analytical
BER expressions are verified by numerical simulations.

The rest of the paper is organized as follows. In Sect. 2
the system model is established and the characters of ICI
are analyzed in Sect. 3. SNR and end-to-end SNR CDF
and PDF expressions are derived in Sect. 4. The
performance analysis of BER in the presence of PN is
presented in Sect. 5. Numerical results and discussion are
given in Sect. 6. Sect. 7 concludes the article.

2 System model

In this section, we build the system model with PN
firstly and then the PN model is presented.

2.1 System model with PN

Considering the OFDM dual-hop system with N
subcarriers as shown in Fig. 1, constituted by source
terminal S, half-duplex relay terminal R and destination
terminal D. The signals at S are sent to R after OFDM

modulation during first hop. Transmitting vector

X =[X,,....X,,]' is independent on all subcarriers.

Influenced by PN, received signals at R in frequency
domain can be written as:

Y, = A, ® (Hg[EX)+ N, (1)
where A, is PN received at R, E; is average signal
energy received at R, H, is channel frequency response
matrix between S and R, NV, is additive white Gaussian

noise (AWGN), ® denotes the convolution operator.
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Fig. 1 Block diagram of OFDM AF relaying system with subcarrier mapping
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The form of the ith subcarrier signal received at R can
be derived as:

YR,i = AR,O ESHSR,iXi +1R,1’ +N1/1 (2)
where
N-1
IR,[ = ZARJ\/ESHSR,HXH 3)
=1

Obviously 1, is ICI at relay node. 4, is common
phase error (CPE) in the ith subcarrier. 4, is ICI caused
by PN. N, is sampled with Ny ~CA(0,N,). We set

E{|X ,.|2}:1 , where E{s} denotes the expectation

operator.

Signals at relay will be amplified and transmitted to
destination during the second hop. Assuming amplification
factor is G, the signal received at destination can be
expressed as:

Y, =4, ®(H, ,GJE Y)+ N, (4)
where A, is PN received at destination, H,, 1is

channel frequency response matrix between R and D,

E{vl}=1. N, is AWGN, samples with N~

CNV (0,N,), E. denote the average energy at R.

Suppose relay station maps the ith subcarrier of the first
hop to kth subcarrier of the second hop, the channels
frequency responses can be written as H,,, a,be

ab,
{S;R,D}, k=(0,...,N—1), which are independent on
all subcarriers with average subcarrier symbol power
E{|Hab,k|2} =0',2,ah, therefore the post-DFT signal on the
kth subcarrier received at
D can be expressed as

YD,k = AD,OHRD,k Y, ER AR,O\/ Es HSR,iXi +

GAD,OHRD,/(\/ERN],{ +Il,k +12,k +I3,k +N1; (5)
where
N-1
Il,k = GZ AD,IHRD,k—l v Ey AR,O \/ESHSR,ka
]
N-1
Iz,k =G AD,/HRD,k—/ \ ER [R,k (6)
=1
N-1
[3,k =G AD,/HRD,k—/ \ Ey Ny
I=1

2.2 Phase noise model

We choose a commonly used PN model, Wiener model,

whose accuracy is verified in many literatures. The
existence of PN on relay and destination will mainly bring
CPE and ICI, which will lead to the attenuation and
rotation of desired signals. PN at receiver’s (i.e., relay or
destination) local oscillator introduces a random phase
rotation of ¢'%"
domain. PN at sample instant »n is given by

0, (n)=6,(n+1)+e, where € is a Gaussian random

to the received signal in the time

variable with zero mean and variance 2nf87,, T, is

S

is 3 dB PN bandwidth,
n=1,..,N—1 with Nis the number of subcarriers.

sampling interval and S

PN in frequency-domain is presented by
1 A= i, _.2mli
4,=—Y " ¢V, e {RD} (7)
TONS

where N, is the length of guard interval (GI). Combine

the symbols used in the formulas before and Ref. [11], we
can get PN variance expression:

2 1| p =(N+D)p,+N
E{|A,,/|}:F{p (pl_+1)zp+ _N} (8)

where p, = exp| (2jl/N)— (=BT, /N)]. By substituting

/=0 in Eq. (8), variance of the CPE is obtained. If the
variance of PN is infinitesimal (i.e., o, ~0) which is the

case in practice, variance of the PN term can be simplified
by approximating the exponential term with Taylor series
and represented as

E{ 2}=1—#=C

1,0
“ 2 2
E{IZ‘|A[’,| }:I—E{|AZ)O| }:1—(:,,0

We can see that when PN does not exist, C,,

At,O

(9)

is equal

to 1.
3 Statistical analysis of intercarrier interference

In this section we calculate the mean and variance of ICI
and prove its Gaussian. Assume the transmitted data

X=[Xy... X Nfl]T on all subcarriers are independent as

well as channels

{SRD}, (k=0....,

frequency response H,,, a,be

N-1).
3.1 Mean and variance of ICI

Considering mary quadrature amplitude modulation
(M-QAM) modulation in our system, X, and [, are
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zero mean. H,  and X, are independent of each other.

Use the hypothesis above, the variance of [, can be

expressed
2
O_IZCIM =E{|]R,k| } {ZAR/ Eg Hop 1 Xy }=
ES61213R (1_CSR) (10)

L, , I,, and I, are also zero mean. Similarly their
variances can be given as

B1.[}= GBS (1-C) 03, 0

O_
HSR Hyp

Ilk -

o, =E{|Iz,k|2}=G2E (1-Cy )07 07 (11)

2
ol = E{|I3’k| } =G> (1-Cy) 0% N,

3.2 Gaussianity of ICI

Although the ICI term [, is modeled as Gaussian

random variable with zero mean and variance 0'12R

extensively in literatures, to the best of authors’ knowledge,

no proof is given so far to validate this assumption. Here
we give a simple proof to the asymptotic Gaussianity of
the ICI. To prove the Gaussianity of ICI, we use
Lyapunov’s central limit theorem [12], which is restated
here in a convenient form.

Lemma 1 Lyapunov. If A,A4,,...,4, are independent
random variables each with mean 4, variance o] and

finite absolute third moment 77. And if jlvim(n/a)zo

N-1 1/3 Nl 1/2
where 772(277,1 , 0'2(20',.2j .
i=0 i=0

asymptotically Gaussian.
Proof Gaussianity of ICI. We rewrite the ICI term in

N-1
Eq. 3)as I, =>4,
r=1

N-1
Then Z A, is

i=0

where A = 4,

We need to evaluate the mean, variance and third absolute
moment of A, in order to proceed with the proof. Since
the data symbols are independent of the channels and the
channels are a zero mean complex Gaussian random

variable, mean g, , variance 0'2 and finite absolute

third moment ni can be calculated as

Eg HSR,k—le—/ .

E{AR,I Egp Hp it X, } 0

2 _
Oy _E{‘AR,I SRHSRk / ‘ } O-HR

Hy

Cal” L 12y

3
773;, = E{‘AR,I Eg HSR,k—le—l‘ } (E O-HSR) |CSR|3

From Eq. (12), we can get the following expression

2

-1

3 L )P
( (E O-Hsk ) |CSR | \J
lim ~~

N—oo l
N-1 3
ES Hgp |
r=1

1

_ (max{|CsR|3})3
fim = T
(N —1)0 (min{|CSR|2})
According to what has been discussed above, we can

easily conclude that /,, is Gaussian random variable.
and I,

<

=0 (13)

Similarly, 1,, , 1,, are Gaussian random

variables.
4 The end-to-end SNR CDF and PDF

In this section we present the end-to-end SNR CDF and
PDF with APS and IPS constraints. These results will be
useful for deriving expressions for the theoretical BER.

4.1 APS

The power scaling factor is G* =1/(E;+N,) for APS.
Rewrite Eq. (5) as
]’ER AD,OHRD,kAR,OHSR,ka +N0 (14)
where A,,, = E,N, (ERA;OHéD’k N, +(E +N,)(07, +07, +
-1
o7, )+ (Es+N,) N, |
S-R and R-D Rayleigh fading channels are independent

among subcarriers, so PDF and CDF of SNR in each
subchannel can be written as f,, (x) =7, exp(-7,x)

and F,(x)=1-exp(-(1/7,)x), a,be{S,R.D} and as

Ref. [13].

Simplifying Eq. (14) to use the form of expressions
above, we get the end-to-end SNR on kth subcarrier for
APS as
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PS (k) — CSRCRD?/SR (l) 7RD (k)

en (15)
‘ Cro 7k (k) + Pars

where P, =|:(1_CSR)+CSR (I_CRD):|7_/SR7RD+(1_CRD)'

}_/RD+(ES+NO)/NO’ Ysr (l) and  Jqp (k) denote

instantaneous SNR on ith subcarrier of first hop and kth

subcarrier of second hop respectively. So the end-to-end
CDF of SNR can be expressed as
w [ CC j k
FAPS(X)='[ P se Cro sr (’)7RD( )<x 7RD(k) .
i 0 CRD 7RD (k) + IOAPS
S (Yo (K))dp () (16)
Integrating Eq. (16) can reach close-form CDF
expression of SNR for APS as Eq. (17), based on the

analysis of Appendix A.
— X 1 — X _
Fn?.ﬁs (x)=1-g 0w 4 ———¢ Tl |:}/RDCRD -
RD 7/RD

2\/pAPS}_/RD_CRDx I(1 2\/ pAPix — (17)
CSR 7/SR CSR CRD }/SR 7/RD

And the end-to-end PDF of SNR through derivations
shown in Appendix B is

fop ()= S { - -
. Cor Ver Cor Cro¥sr Yro
K1 ) pAPix — + pAPS_ .
CSR CRD 7/SR }/RD CSR CRD }/RD
K| 2, [P (18)
CSR CRD 7SR }/RD

where K (¢) and K (°)

modified Bessel functions of second kind [14].

are first and zero order

4.2 IPS

Under IPS constraint G’ :1/(ES|]—1SR|2 +NO) , A in
Eq. (14) is
/‘iu's =EN, (ERArz),oHrio,kNo + (Es |HSR|2 + NO)(O'IZM +

-1

o}, +07 ) +(E|Hg[ +N0)N0)

Similarly as APS, the end-to-end SNR on kth subcarrier
for IPS is shown as
Cln’g (k)= CSRCRD75R (l) 7RD (k)
CRDyRD (k) + 7/SR (l) + pIPS

(19)

where  ppg = [(1_CSR)+CSR (1_CRD )] sz Vro +(1_CRD)'
Yap 1 -

We report a lemma on CDF of independent exponent
variates firstly for deriving the expression of theoretical
SNR PDF under IPS.

Lemma 2 [15] Let X,, X, be two independent

exponent RVs with parameters B and f,, respectively
lie.X, ~&(f), i=1,2]. Then, the CDF of X =[(X,X,)/
(X, +X,+b)], where b is a constant, is given by
Fy(x)=1-2 P [B B x(x+b)K, (2B B,x(x+b) )
(20)

Lemma 2 helps get the CDF of SNR expression:

—| ;‘Fi 1 X
" CSR C1RD }/SR 7RD
X ¥ .
Tt Pes | K| 2 f(— +p j
(CSR IPSJ 1 { \/ CoxCooTorTieo | Can IPS

@2y
To get the PDF of 70; (k), we differentiate Eq. (21)

with the help of Bessel derivative equation in Ref. [16]
and obtain the PDF as:

1 1 X
I e rowd reod B 1
P SR

Car Voo FaoCoo
\/%(L " pm] .
CorCroZsr Ve \ Csr
X X
“ [2J CoCoooTio (C_SR”’ U+
;_[2_)5 pe ] .
Cox Crp Yo \ Cor

x X
Kol 2, | =———=—=—|—+p J (22)
’ [ \/CSR CRD 7/SR 7RD ( CSR " ]

5 Performance analysis

In this section, we derive closed-form expressions for
the MGF with APS and IPS constraints and then BER can
be calculated via the MGF-based approach.
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5.1 MGF for APS and IPS
5.1.1 MGTF for APS

Attempting to derive the exact MGF for APS with
Eq. (18) is difficult. Accordance with the actual accident
situation, we assume transmission powers in source node
and relay node are relatively large, i.e. %, —> o and

Yo —> , and the carrier frequency offset is small, i.e.

Co =1, Cpp =1. Then k(1= CypCrp ) x/(Cp Crp) —0.

Under these assumptions and equations in Ref. [15], the
approximate expression of PDF is:

fAPS (x) ~ 1_ e7CSRX7Rs + — 67CSRX75R (1 — CSR—C;RD ) .
fend CSR SR CSR 7SR CSR CRD 7SR
1-C: G
Inl 2 M (23)
CSR CRD

To obtain system error rate, we chose a more concise
method which based on the relationship between error
rate and MGF. MGF of (k) is M},Aps(k)(s):

‘end

end

end

E{exp(—s o (k))} , and it can be rewritten with the help
of Eq. (23) as

© s = !
Moy ()= [, € iy (e =t
CorCrp 2|:21n( 1_ +SJ—
( 1 ] Cor Ysr
——+s
CSRJ/SR
4(1-C C
(M}zg—z} 24)
CSRCRD

where ¢ is Euler’s constant.

5.1.2 MGF for IPS

We derive BER for IPS with the same assumptions as
APS. Therefore \/(x/(CSRCRD}_/SR}_/RD))((x/CSR)+pISP) —0,

(x/Cs )’ > xPps/Cs > and the approximate expression of

PDF is:

1 1 1
Loy (X) =—— [_— +—
reui (1) Cox \Zx  7roCro

_(LJ, 1 ];
A Ve Ci Cq
]e sk TroCrp JCsr

_(LJ, ! ]L
7 ZrnC C,
e Yse TroCrp /Csr |

2
CSR CSR CVRD 7_/RD

ln{ﬂ /%] (25)
CSR }/SR 7RD CRD

MGF of ¥, (k) is Myggg(k)(s):E{eXp(_Sﬁﬁ (k))}’

end

and it can be rewritten as

M%IEE(") (S) - J.o e’”fygs(k)(x)dx =

1 ( 1 1 ]
[

CSR 7SR 7RDCRD

1 ( 1 1 j
— | —+= +s
CSR 7SR 7RDCRD

G
2In| —| —+— +s5 |-
|: CSR 7SR 7RDCRD
4
[_ — 5 ]+2§—2 (26)
}/SR7RD (CSR) CRD

5.2 BER

In Ref. [17], Su et al. revealed the relationship between
error rate and MGF when the system is M-QAM
modulations as

P:ﬁ gM boau 9_4K2J'KKM boam de
¢ @ Jdo 7l 2sin?@ x Jo 7 2sin’ 0

27)
boav =3/(M —1) . Basing on

where K:l—(l/\/ﬁ) ,
Eq. (27), we can get the expression of error rate using
MGF as Eqgs. (24) and (26).

6 Numerical result

This section analyses the BER simulation results for the
system constraints in Rayleigh fading channels. Although
the derived expressions can compute the BER for any
values of %, and %, we limit the discussion to the
balance link case ( Eg = E,,0; =05 = Ny, Ve = Vap )- The
OFDM N=16
simulation figures are shown as follows.

system has subcarrier. Then the

In Figs. 2 and 3, investigate the BER performances
under different PN as a function of SNR. 16QAM
modulated OFDM AF relay system over APS and IPS is
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precondition. A fairly good agreement between theoretical
and simulated results confirms the wvalidity of the
conclusion presented in this article. In Fig. 2, the error
floor of BER is approximately 9.5x107 when PN
linewidthes at relay and destination are 1 Hz whereas
3.8x107 when 10 Hz, compared with 9x10~ when
1 Hzand 3.2x107 when 10 Hz in Fig. 3. Thus IPS has a
lower BER than APS when PN for relay and destination
are same as shown in Figs. 2 and 3.

10°r

B=B,=10 Hz
B«=By=5 Hz

10"
I R N Y ot
m
)
1071
BP0 Mz p=p=1 1y
10-3 1 1 1 1 1 1 1 1 1 ]
0 5 10 15 20 25 30 35 40 45 50
SNR/dB
Fig.2 The BER of OFDM AF system for APS
10°-
[ ===~
ﬁll:ﬁl):lo HZ
10" V
~
@
M ---Theory
. —¥—Simulation
107
B=B=0Hz p.=p,=1 Hz
]0'3 1 J

0 5 10 15 20 25 30 35 40 45 30
SNR/dB
Fig.3 The BER of OFDM AF system for IPS

From Figs. 2 and 3, we can conclude that:

1) Comparing with ideal system without PN, shown as
the f=0Hz curve in Figs. 2 and 3, system with PN
performance worse in BER. The larger PN is, worse the
system performance in BER.

2) For the low SNR regime, the different effects of PN
on BER performance of OFDM AF relay system with
different amplification factors are not obvious. Since PN
degrades BER performance by introducing phase offset as
well as ICI to useful signal and destroys subcarrier
orthogonally. Only little subcarrier power leaks to adjacent
subcarrier under small transmitting power.

3) The OFDM system becomes more sensitive on PN in

high region. For the high SNR regime with large PN, BER
performances of OFDM AF relay system tend to error
floor rather than zero. Because when PN is large, the
power of subcarrier leaks a lot to the adjacent subcarriers.

4) Under different PN, IPS always performs better than
APS in BER.

Figs. 4 and 5 give analytical and simulation results for
4QAM modulation for OFDM AF relay system
implementing both APS and IPS, for different total
numbers of subcarrier.

10°F

--~-Theory
—¥—Simulation

100510 15 20 25 30 35 40 45 30
SNR/dB
Fig. 4 The BER of OFDM AF system for APS for different

numbers of subcarrier

10°F

—¥—Simulation

1070510 15 20 25 30 35 40 45 30
SNR/dB
Fig. 5 The BER of OFDM AF system for IPS for different

numbers of subcarrier

Figs. 4-5 depict that:

1) With the increasing of subcarrier number, the BER
performance is descending. That because when the number
of subcarrier increases, the frequency interval between
subcarriers will be reduced, and frequency offset caused by
Doppler channel expansion will lead to the increase of ICI,
therefore the subcarrier will be more susceptible to ICI
damages.

2) Comparing Fig. 4 and Fig. 5, it can be seen that the
BER performances for IPS conditions is more sensitive to
the numbers of subcarrier. Under the case of APS only
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average signal energy received at R is considered. But
under IPS, the channel frequency response matrix, which
is closely related to the number of subcarrier, is also taken
into consideration. Apparently the phenomenon above
verifies the correctness of the theoretical conclusions of
this paper.

7 Conclusions

In this paper, we have examined the performance of
OFDM AF system with APS and IPS over exponential
correlated Rayleigh fading channels and uncorrelated
Rician fading channels in presence of phase noise. A direct
expression for post-processing SNR is derived with phase
noise. Based on the MGF, we derived closed-form BER of
system for both APS and IPS conditions. The simulation
results demonstrated that a small phase noise has great
impact on the BER performance.

Acknowledgements

This work was supported by the Fundamental Research Funds for
the Central Universities of China (TD2014-01).

Appendix A  Proof of end-to-end SNR CDF

expressions

Eq. (16) can be rewriten as the sum of two integrals as
CSRCRD}/SR (l) }/RD (k) }/RD (k)J

Fn?.ES(X)z'[OP( Crotio () + Puse -
m(k)]'
(A.1)

o (P () d (K) +
'[ °°P CSRCRD7SR (l) Vrp (k)
* CRD}/RD (k)+pASP
Jro (7RD (k))d7RD (k)
It should be noted that the
P(CSR}/SR(i)(CRDJ/RD(k)—%h)SpAPSx) equals to unity
for 0=y, (/)<x. Since dF, (x)/dx=1-F, (x) where

<X

first integral trem

F,(x)= Ij Sy (x)dx, Eq. (A.1) can be simplified as
T R S "1 g | Pars®
Fyg‘ﬁs(x)_l J-O CRDfRD(C jdy+J-0 CRDF'SR[ :

RD Cory
y+x
d
fRD[ Co ] 3

The first integral in Eq. (A.2) can be written as Eq. (A.3)

(A.2)

using  fgp, (x) = (1/7RD)eXp(_(1/7_/RD)x) >
Mo vl L

A3
C (A.3)
The CDF Fym (x) of the SNR in each S-R subchannel

RD

can be derived by integral of the PDF function with the
variable p,,sx/(Cg») . Then under the help of Ref. [16]

the second integral of FyAPS (x) in Eq. (A.2) can be

rewritten as Eq. (A.4).

© 1 pAPSx] [J""xj 1 7 XC
E ]l‘ dy =— e Trotro
J-O Cro SR ( Cory ® Cro Y20 Cro

7. Coo—2 Pars Vro Cro* Kl2 Pars*
RpCRD T4y ’ - 1] 44 / - - -
Cor r Cor Cro sz Vro

(A4)

Substituting Eq. (A.3) and Eq. (A.4) into Eq. (A.2)
allows us to write the close-form expression of CDF as
Eq. (A.5), where K, (s) is first order modified Bessel

function of the second kind.

X X

= 1 5 _
FAPS (x)=1_e 7z Crp +_—e 7zoCrp |:7RDCRD —

y
ot 7RD CRD

2\/pAPS7_/RD_CRDx Kl 2\/ pAPix —
Con For Cox Cro For oo

(A.5)
Appendix B Proof of end-to-end SNR PDF
expressions

According to Eq. (17) the derivatives for Fym (x) ofx

are as follows.
Divide Eq. (17) into three parts as F o (x)=1-T; (x)-

T,(x) . Calculate 7;(x) and T7,(x) derivations
respectively as follows:
dr; -
1(x) =—— 1 e 7roCrp (Bl)
dx }/RDCRD

T,(x) derivations can be presented as Eq. (B.2) with
the help of [18], where T, (x)=-dT; (x)/dx.
d7, (x) 1 -

=T (x —¢ CRDX7RD 2 pAPix —.
dx CRD 7/RD CSR CRD 7/SR 7RD

=T (x)+

K,| 2 / pAPix |+ 2pAPS_ .
CirCro¥sr?rp | CsrCro¥ao
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5 Pars*

—— (B.2)
CSR CRD 7/SR 7RD

According to the process of derivation above, take
T(x) and T7,(x) into Fu(x)=1-T (x)-T7,(x), the

derivatives of FyAPS (x) 1is finally obtained as Eq. (B.3).

x

f w (X) = 2 e_CsJSR PapsX .
o SR /'SR Csr CroYer Tro
Kl2 Pars* Pars
1 J— —
Cor Cro Ysr Yo Cax Cro 7o

pAPSx

P —— (B.3)
CSR CRD 7SR }/RD
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